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BETHE SUBALGEBRAS OF U q (Ql n ) VIA SHUFFLE ALGEBRAS 


BORIS FEIGIN AND ALEXANDER TSYMBALIUK 


Abstract. In this article, we construct certain commutative subalgebras of the big shuffle 
algebra of type 1 . This can be considered as a generalization of the similar construction 
for the small shuffle algebra, obtained in IFHHSYl . We present a Bethe algebra realization 
of these subalgebras. The latter identifies them with the Bethe subalgebras of U q (Ql n ). 


INTRODUCTION 

Elliptic shuffle algebras were first introduced and studied by the first author and A. Odesskii, 
see [FOl . IFQ21 lFQ3] . In the loc.cit., they were associated with an elliptic curve £ endowed 
with two automorphisms 71 , 72 . A similar class of algebras, depending on two parameters 
(alternatively < 71 ,( 72,93 with <719293 = 1), became of interest in the recent years, due to their 
geometric interpretations and different algebraic incarnations (see |FHHSYj IFTl |N 1] ISVI for 
the related results). We will refer to these algebras as the small shuffle algebras. In this paper, 
we study the higher-rank generalizations of those algebras, which we refer to as the big shuffle 
algebras (of A^2 1 -type). These algebras were also recently considered in (N2j . where they were 
identified with the positive half of the quantum toroidal algebras f7 g ,d(s[„). 

The aim of this paper is to study particular large commutative subalgebras of the big shuffle 
algebra S , similar to the one from (FHHSY . We also establish a Bethe algebra realization of 
these subalgebras (which seems to be new even for the small shuffle algebras). In other words, 
we identify those commutative subalgebras with the standard Bethe subalgebras of the quantum 
affine algebra U q (#l n ), which is horizontally embedded into the quantum toroidal algebra. 

The aforementioned commutative subalgebras of S admit a one-parameter deformation: the 
commutative subalgebras A(so,..., s n _i; t) C ( S-) A (the algebra S- is a slight enhancement 
of S , see Section 3.3, while A indicates the completion with respect to the natural Z-grading). 
These algebras are closely related to the study of nonlocal integrals of motion for the deformed 
W-algebras W qi t( s[„) from jFKSWj, as well as provide a framework for the generalization of 
the recent results from [FJMM2] to U q ,d(sl n ). This will be elaborated elsewhere. 

This paper is organized as follows: 

• In Section 1, we recall the definition and key results about the quantum toroidal algebra 
£f<3,d(s4i), n > 3. We also recall the notion of the small shuffle algebra S sm and its commutative 
subalgebra A sm , and introduce a higher-rank generalization, the big shuffle algebra S. 

• In Section 2, we introduce a family of subspaces A(so,..., s n _ 1 ) C S depending on n pa¬ 
rameters and generalizing the construction of A sm C S sm . If (——^—-, si,..., s„_i) is generic 
(see Section 2.2), then we prove that A(——^—-, Si,..., s„_i) is a polynomial algebra on ex- 
plicitly given generators; in particular, it is a commutative subalgebra of S. 

• In Section 3, we use the universal R-matrix and vertex-type representations to establish 
an alternative viewpoint toward A(so,..., s n _i). This allows us to identify them with the wcll- 
known Bethe subalgebras of the quantum affine U q (gl n ), horizontally embedded into Uq } d(sl n ). 

• In Section 4, we discuss generalizations of the results from Sections 1-3 to the cases n = 1,2. 
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1. Basic definitions and constructions 

1.1. Quantum toroidal algebras of sl„ for n > 3. 

Let q, d S C* be two parameters. We set [n] := {0,1,..., n — 1}, [n] x := [n]\{0}, the former 
viewed as a set of mod n residues. Let g m {z ) := ■ Define j G [n]} by 

dij = 2, cii t i ±i = —1, mi ^±i = =Fl, and a^j = rriij = 0 otherwise. 

The quantum toroidal algebra of sl n , denoted by U q ,d(sln), is the unital associative algebra 
generated by {e,,fc, /*,*, V ; j“o,7 ±1 ' /2 , q ±dl , Q ±d2 }iiwi] with the following defining relationsQ 

(T0.1) 0, 7 ±1/2 - central, 

(TO.2) V’to ■ $fo = 7 ±1/2 • 7 T1/2 = q ±dl ■ Q Tdl = q ±d2 ■ q Td2 = R 

(TO.3) q^e^q-^ = ei(qz), q dl fi(z)q~ d ' = Mqz), q d ^t(z)q~^ = t ± (qz ), 

(TO.4) q d2 ei{z)q~ d2 = qei(z), q d2 fi{z)q~ d2 = q~*fi{z), q d2 i/jf(z)q~ d2 = tpf(z), 

(TI) g aij ( 7 - l d mi ’*z/w)%l)f{z)^J{w) = g aij (jd mi - j z/w)^-{w)4>+(z), 

(T2) ei(z)ej(w ) = g aij {d mi ^ z/w)e j {w)e i (z), 

(T3) fi(z)fj(w ) =9a iJ (rf raiJ 7/w)" 1 / J W/,(z), 

(T4) (q - g" 1 )[e i (z), = S i}j (sfrw/z)ipf (y 1/2 w;) - å^z/w)^ (y 1/2 2 ;)) , 

(T5) ipf(z)e j {w) = g ai ^ ±1/2 d rni ’ i z/w)e j {w)il}f{z), 

(T6) ipf(z)fj{w) = g ai A'Y Tl/2 d mi ’’z/w)- 1 f j (w)rPt(z), 

(T7.1) Syrn [e^zi),[ei(z 2 ),ei±i(w)\ q ] q -i =0, [ei(z),ej(w)\ = 0 for j £ i, i ± 1, 

Zlj Z 2 

(T7.2) Syrn [/Rzi), [fi(z 2 ), fi±i(w)] q ] q -i = 0, [fi{z), fj(w)] = 0 for j ± i,i± 1, 

Zl,Z 2 


1 Our notation are consistent with that of m, but following [S] we add the elements q ± dl , q± d2 satisfy- 
ing dTO.31 [T0.4|) . This update is essential for our discussion of the Drinfeld double and the universal R- matrix. 
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where we set [a, b\ x := ab — x ■ ba and define the generating series as follows: 

OO OO oo 

ei(z) := ^2 ei,kZ~ k ,fi{z) := ^ f^ k z~ k ,ipf{z) := +^2,ip l ^ r z^ r ,5{z) \= ^ z *■ 

k—— oo k—— oo r >0 k=— oo 

It will be convenient to use the generators {hik}k ^o instead of o> defined by 


exp|±(g-g t )'Y^h it ± r z Tr j = i>f{z) ~ h i>±r G C[ipf^ V’i.ii) ^,±2, ■ • ■]■ 

V r>0 / 

Then the relations (T5,T6) are equivalent to the following (we use [m] q := (q m —q~ m )/{q—q~ 1 ))- 
(T5') = q^ej^ifi, [hi,k,e-j,i\ = eT fcm ^7~ |fc|/2 ^’^ e^+fc (fc 0), 


(T60 = q~ ai,i o, [hi,k,hi] = 


fj,l+k {k 7^ 0). 


We also introduce hi t o,c,cf via ipi.o = q hi -°, r ) 1 / 2 = g c ,c' = hj,o, so that c,c' are central. 

Let U~ and U + be the subalgebras of U q , d (sl n ) generated by and {/i.fe}^], 

respectively, while U° is generated by {tpi,k,^o ,7 ±1//2 , q ±dl , 9 ±d2 }i : |[^]- 

Proposition 1.1. [H] (Trianaular decomposition) The multiplication map 

m : U~ ® U° ® C/ + —*■ U qj d(sl n ) 

is an isomorphism of vector spaces. 


We equip the algebra U q ,d(sln) with the ZM x Z-grading by assigning 

deg(e ijfe ) := (l,;*), deg(/ iife ) := (—1*; fe), deg(V>i,fc) := (0; *), 
deg(x) := (0; 0) for a: = V ; i7o 5 '7 ±1 ^ 2 7 <3 f=bdl , g ,=bd2 V i G [n],k G Z, 
where ly G Zhl is the vector with the jth coordinate 1 and all other coordinates being zero. 

1.2. Horizontal and vertical U q (gl n ). 

Following IV VI . we introduce the vertical and horizontal copies of the quantum afhne algebra 
of sl n . denoted by U q (sl n ), inside U q: d(sl n ). Consider the subalgebra U v (sl n ) of U q ^ d {s\ n ) 
generated by {e*^, tpi,k, V’io ,7 ±:L / 2 , 5 ±dl K £ [n] x ,fc 6 Z}. This algebra is isomorphic to 
U q (sl n ), realized via the “new Drinfeld presentation”. Let t7 h (sl„) be the subalgebra of U q ,d( sl„) 
generated by {e ii0 , / ii0 , ^o> q ±d,2 \i G [n]}. This algebra is also isomorphic to U q ( s(„), realized 
via the classical Drinfeld-Jimbo presentation. 

Following IFJMMl] , we recall a slight upgrade of this construction, which provides two copies 
of the quantum affine algebra of gt ra , rather than s \ n , inside U q ,d( sl n ). For every r + 0, choose 
{ci !r \i G [n]} to be a nontrivial solution of the following system of linear equationso 

n— 1 

Y Ci, r d~ rrni ' j [raij] q = 0, j <E [n\ x . 

i—0 

Let f) v be the subspace of U qyd (sl n ) spanned by 

. v _ f Si6[n] °i,rhi,r if T ^ 0 

r | 7 1/2 if r = 0 ‘ 


2 


It is easy to see that the space of solutions of this system is 1-dimensional if q is not a root of unity. 
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Note that b v is well defined and commutes with U v (sl n ), due to (T5 7 , T 6 7 ). Moreover, b v is 
isomorphic to the Heisenberg Lie algebra. Let f7 v (g[„) be the subalgebra of U q ,d{ st n ) generated 
by U v (sl n ) and f) v . The above discussions imply that f/ v (øl rl ) ~ U q (gl n ), the quantum affine 
algebra of ø[„. We let f7 v (ø( 1 ) C t/ v (ø[„) be the subalgebra generated by h v . 

Our next goal is to provide a horizontal copy of U q (gl n ), containing U h (sl n ), inside U q ,d{ sl n )- 
The following approach was proposed in [F.TMMl] , and it is based on a beautiful result of Miki: 

Theorem 1.2. [M] There exists an automorphism tt ofU qt d(sl n ) such that 
n(U v (sl n )) = U h (sl n ), n(U h (sl n )) = U v (sl n ). 

Moreover: 

Aq c ) = q c ', Aq c ') = q - c . 

Let us define f) h := 7 r(b v ) and let f7 h (øl ra ) be the subalgebra of U q ,d(sl n ) generated by 
U h (sl n ) and ti h - Then f7 h (øl ra ) = 7 r(f/ v (ø[„)) and it is isomorphic to U q (gl n ). We also define 
17 h (øl 1 ) C C/ h (øl„) as the subalgebra generated by b h . 

However, this construction is not very enlightening, as the images tt( hf.) are hardly com- 
putable. An alternative approach, based on the RTT realization of U q (gl n ), was proposed 
in [ iN2l . We will discuss the related results in Section 12.31 

1.3. Hopf pairing, Drinfeld double and a universal A-matrix. 

We recall the general notion of a Hopf pairing, following [KRTl Chapter 3]. Given two Hopf 
algebras A and B with invertible antipodes Sa and Sb, the bilinear map 

ip : A x B —> C 

is called a Hopf pairing if it satisfies the following properties: 

ip(a, bb') = yj(ai, 6 )y>(o 2 , b') V a £ A, b, b' G B , 
ip(aa' , b) = ip(a, b 2 )p(a , bi) V a,a G A, b G H, 
ip(a, Ib) = ea(o) and <p(l a, b) = e_e(&) V a G A, b G B, 
<p{S A (a) 1 b)=v(a 1 Sf } 1 (b)) V a G A, b G B, 
where we use the Sweedler notation for the coproduct: 

A(x) = X\ ® X2- 

For such a data, one can define the generalized Drinfeld double D^A, B) as follows: 

Theorem 1.3. [ KRTl Theorem 3.2] There is a unique Hopf algebra D V (A 7 B) satisfying the 
following properties: 

(i) As coalgebras D V (A,B) ~ A®B. 

(ii) Under the natural inclusions 

A > D V (A, B) given bya^agls, 

B c —>■ D^tyA, B) given by b i-A 1 a ® b, 

A and B are Hopf subalgebras of D V (A 7 B). 

(iii) For any a G A,b G B, we have 

(a® Ib) • ( 1 a ® b) = a ® b 

and 

(1a <8> b) ■ (a ® Ib) = (p(S) i 1 (a i), bi)(p(a,3, 63)02 ® 62 . 
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Remark 1.4. The notion of the Drinfeld double is reserved for the case B = A* ,cop with ip 
being the natural pairing. 

A Hopf algebra A is quasitriangular ( formally quasitriangular) if there is an invertible element 

R e A ® A (or R e A§> A) 

satisfying the following properties: 

RA(x) = A op (x)R V x S A, 

(A ® Id)(f?) = R 13 R 23 , 

(Id 0 A)(R) = R 13 R 12 . 

Such an element R is called a universal R-matrix of A. 

The fundamental property of Drinfeld doubles is their quasitriangularity: 

Theorem 1.5. i KRTl Theorem 3.2] For a nondegenerate Hopf pairing ip : A x B — > C, the 
generalized Drinfeld double D V (A,B) is formally quasitriangular with the universal R-matrix 

R = ej ® e*, 

i 

where {e;} is a basis of A and {e*} is the dual basis of B (with respect to ip). 

1.4. Quantum toroidal algebra U qt d(sl n ) as a Drinfeld double. 

In order to apply the constructions of the previous section to the quantum toroidal algebra 
Uq t d{sl n ) and its subalgebras, we need to endow the former with a Hopf algebra structure. This 
was first done (in a more general setup) in EB Theorem 2.1]: 

Theorem 1.6. The formulas (H1-H9) endow U q ,d(s In) with a topological Hopf algebra structure: 
(Hl) A(e l (z)) = ei(z ) <g> 1 + ( 7 ( 1 )Z) ® ^(^z), 

(H2) A ifi(z)) = 1 ®fi{z) + fi(j( 2 )z) ® 1 $(t\ 1) z )> 

(H3) A Wt(z)) = ® ^(7 t) /2 z), 

(H4) A(x) = x® x for x = 7 ±1/2 ,q ±dl ,q ±d *, 

(H5) e(ei(z)) = e(fi(z)) = 0, e(tpf(z)) = 1, 

(H 6 ) e(x) = l ior x = 'y ±1/2 1 q ±dl 1 q ±d2 , 

(H7) S(ei(z)) = -'tf~('j~ 1/2 zy 1 e i ('y- 1 z), 

(H 8 ) S(f t (z)) = -fi('y- 1 z)il>f'('y- 1/2 z)- 1 , 

(H9) S(x) = x ~ 1 for z = 7 ± 1 / 2 ,q ±dl ,q ±da ,i/>?(z), 

where 7, 1 / 2 := 7 1 / 2 (g) 1 and : = 1 ® 7 1 / 2 . 

Let U- be the subalgebra of Uq, d (sl n ) generated by {e itk , ipi,h V^o >7 ±1 ' /2 ! Q ±dl > 9 ±d 2 }fc|z N » 
and let U- be the subalgebra of U q , d {sl n ) generated by ^ 0 ’> 7 ±1/2 > 9 ±dl , 9 ±d 2 }fclz- 

Now we are ready to State the main result of this section (the proof is straightforward): 
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Theorem 1.7. (a) There exists a unique Hopf algebra pairing p : U- x U- —> C satisfying 

(PI) tp(et(z), fj(w)) = ^ • S (—) , ip(ipr(z),ipf(w)) = g a (d^z/w), 

q—q 1 \w/ J 

(P2) ( p(ei(z),x~) = ip(x + ,fi{z)) = 0 for x ± = ipf(w),ipfo,'y 1/2 ,q dl ,q d2 , 

(P3) vh 1/2 ,q dl ) = v(q dl ,7 1/2 ) = q~ 1/2 , P^~(z), q d2 ) = <r\ = 9. 

(P4) p{'ifr(z),x) = p(x,tpf(z)) = 1 for x = 7 1/2 ,q dl , 

(P5) Vh 1/2 ,q d2 ) = V(q d \ 7 1/2 ) = V(q da ,q db ) = p{l 1/2 ^ 1/2 ) = 1 for 1 < a, b < 2. 

(b) The natural Hopf algebra homomorphism D^{U-, U-) —> tl qi d{sl n ) induces the isomorphism 

S : D V (U-,U~) / I—tU q}d (sln) with I := (x G 1 - 1 G x\x = ^0 ,J ±1/2 ,q ±dl ,q ±d2 )- 

(c) Consider a slight modification U qd (sl n ), obtained from U qi d(sl n ) by “throwing away” the 
generator q ±d2 and taking the quotient by the central element c'. As in (b), this algebra admits 
the double Drinfeld realization via D V '(U - ,U -), where U - and U - are obtained from Il¬ 
and U- by “throwing away” q ±d2 and taking the quotient by d, while p' is induced by p. 

(d) The pairings p and p' are nondegenerate if and only if q : qd : qd~ l are not roots of unity. 

1.5. Bethe subalgebras. 

Let us recall the standard way of constructing large commutative subalgebras of a (formally) 
quasitriangular Hopf algebra A. Fix a group-likc element x € A (or in an appropriate completion 
x £ A x ). For an A-representation V, we consider the transfer matrix 

Ty(x) := (1 ® try)((l G x)R) 

if the latter is well dehned. The properties of the _R-matrix imply 

Ty i®v 2 (x) = Ty i (x) + Ty 2 (x), 

Ty L ®v 2 (x) = Ty 2 (x ) • T Vl (x). 

In particular, we see that Ty 1 (x) • Ty 2 [x) = Ty 2 {x) ■ Ty 1 (x). 

To summarize, • 1 —> T m (x) is a ring homomorphism from the Grothendieck group of any 
suitable tensor category of A- modules to the suitable completion A x , with the image being a 
commutative subalgebra of that completion. The commutative subalgebras constructed in this 
way are sometimes called the Bethe (sub) algebras. 

In Section 3, we will apply this construction to the following two cases: 
o The formally quasitriangular algebra is A = U q d {s{ n ), the corresponding group-like element 
is x = q Xlhl <° J ' t-An-ihn-i.o+Andi^ anc [ we CO nsider a tensor category of U q d (s[„)-representations 
generated by vertex U q d (s[„)-representations p p ^ from Section 3.10 

o The formally quasitriangular algebra is A = U q (Lgl n ) (see Section 3.4), the corresponding 
group-like element is x = q Xlhl ^~i (the most generic element of the finite Cartan 

part), and we consider the tensor category of all finite-dimensional C/ g (Tø(„)-representations. 


3 Actually, one can consider the whole category of highest weight U d (sl n )-representations, see IH). 
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1.6. Small shuffle algebra. 

As a motivating point for the current paper, we briefly recall the notion of the small shuffle 
algebra and its particular commutative subalgebra. Let Z + := {n £ Z|n > 0} = N U {0}. 
Consider a Z + -graded C-vector space § sm = ©, l>0 S® m , where S® m consists of rational functions 

A(ai’, with ^ e and A(xi, := ~ x j)- Define the star 

product T : S| m x by 

/Xj 

with 

(qiX- l){q 2 X- l)(q 3 X- 1) ^ rn il u i 

A(x) := - - - -777 -, where £ C\{0,1} and qiq 2 q 3 = 1- 

(æ — lj - 5 

This endows S sm with a structure of an associative unital C-algebra with the unit 1 £ Sg m . 

We say that an element ^ sa ti s fi es the wheel conditions if and only if 

f(x i,... ,x n ) = 0 once x^/x^ = q± and Xi 2 /xi 3 = q 2 for some 1 < ii,i 2 ,i 3 < n. 

Let S sm C S sm be a Z + -graded subspace, consisting of all such elements. The subspace S sm is 
S ™-closed (see [FHHSY , Proposition 2.10]). 

Definition 1.8. The algebra (5 sm , *) is called the small shuffle algebra. 

Following [FHHSY ]. we introduce an important Z + -graded subspace A sm = Ø n A™ of S sra . 
Its degree n component is defined by 

A® m := {F £ 5™|a ( 0 ;fe) F,5 (oo;fe) F exist and d^F = d {oo ’ k) F V 0 < k < n} : 

where 

g(o-,k)p ._ ii m F(x!,... ,£-x n - k +i, ■ ■ • æ n ), <9 (oo;fc) F := lim F( x 1} ..., £ • x n - k +i,■ ..,£-x n ) 

{->0 £->oo 

whenever the limits exist. 

This subspace satisfies the following properties: 


j>k 


( F S * G)(a;i,...,x fc+ ;) := Sym 6fc+i F(ari,..., ..., x k+t ) ^ 


i<fc 


Theorem 1.9. [FHHSY, Section 2] We have: 

(a) Suppose F £ S™ 1 and d^'^F exist for all 0 < k < n, then F £ A 8m . 

(b) The subspace A 8m C S 18111 is * -commutative. 

(c) A sm is * -closed and it is a polynomial algebra in {Ay}j>i with Kj £ S] 8111 defined by: 


K 1 (x 1 )=x°, K 2 (x i,x 2 ) 


(xi - qix 2 )(x 2 - q-ixf) 
(xi - x 2 ) 2 


P-m(x\ , ... 5 Xjfi ) 


K 2 (xi,Xj). 

l<i<j<m 


1.7. Big shuffle algebra. 

Consider a Z^-graded C-vector space 


S = 


© 




k=(ko,...,k n — i )EZ 


l<j<ki 


where Sfe 0 ,...,fe„_i consists of ]”[ ø/^-symmetric rational functions in the variables {xjj}. 

We also fix an n x n matrix of rational functions f l = £ Mat raX n(C(2:)) by setting 


en 


,-2 


7-1 


, w»,j+i(«) = -——w* —, and u>i,j(z) = 1 otherwise. 

z — l ~ ~ 


z-1 


z- 1 
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Let us now introduce the bilinear * product on §: given / G Sjr, g G §j define / * g G by 
(/ * d)(*^0,l3 ■ * • j ^'0,fco+/oi ■ • ■ 5 X n — 1,1) ■ • • s *En—l,fc n _i+Z n _i) : = 

( i'eHjbiji \ 

*e[n] j<ki ) 


This endows § with a structure of an associative unital algebra with the unit 1 G §o....,o- We 
will be interested only in a certain subspace of §, defined by the pole and wheel conditions: 


• We say that F G satisfies the pole conditions if and only if 


F = 


f (*£0,1 > • * ■ ) %n— l,fc n _i ) 

riie[n] rij</ci + ~ x i+l,j') 


where / G (C [xfj 


l<j<ki\Yl&ki 

i€[n] i 


• We say that FgSj satisfies the wheel conditions if and only if 


F(x o,i,... ,a: rl _i l fe n _ 1 ) = 0 once x^/xi+^i = qd e and Xi+ e ,t/xi,j 2 = qd e for some i,e,ji,j 2 ,l, 

where e G {±1}, i G [n], 1 < j\,j% < fej, 1 < l < fej+ e and we use the cyclic notation 
æ„,z := x 0 ,z, k n := k 0 , X-ij := x n -ij, k-\ := k n - i as before. 


Let Sjf C be the subspace of all elements F satisfying the above two conditions and set 

S := © S T . 
fcezf 1 

Further S ^ = ®dez<% d with d := {F G S^-|tot.deg(F) = d}. The following is straightforward: 
Lemma 1.10. TTie subspace S C S is -k-closed. 


Now we are ready to introduce the main algebra of this paper: 

Definition 1.11. The algebra (S 1 ,*) is called the big shuffle algebra (of A^^-type). 

1.8. Relation between S and U + . 

Recall the subalgebra U + of U q ,d(s\ n ) from Section 1.1. By standard results, U + is generated 
by { e i,fc}i6[n] with the defining relations (T2, T7.1). The following is straightforward: 

Proposition 1.12. There exists a unique algebra homomorphism \F : U + —> § such that 
e it k ) = x* t V i G [n],k G Z. 

As a consequence, Im('F) C S. The following beautiful result was recently proved by Negut: 

Theorem 1.13. |N21 Theorem 1.1] The homomorphism, \F : U + S is an isomorphism of 
Z^ x Z-graded algebras. 


Remark 1.14. In the loc. cit. d = 1, but the proof can be easily modified for any d. Note that 
the algebra A + from |N2| is isomorphic to our S with d = 1 via the map S\ d=1 —> A + given by 


F (i x i,j l! 




E tl — 1 

i=0 ~ 


F( r A<J<ki 


>nn 

* =1 3^3' 


z i,j z i,- 


q 1 z i ,j - qzij 


■nn 

*=1 3,3* 


z i,j z i-\-l,j' 
z i,j Q z i+l,j' 
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2. SUBALGEBRAS A(so, . . . , Sn-l) 

2.1. Key constructions. 

In this section, we introduce the key objects of our paper, the commutative subalgebras of 
S, analogous to A sm C S sm from Section 11.61 The new feature of our setup (in comparison to 
the small shuffle algebras) is that we get an (n — l)-parameter family of those. 

For any 0 < 7 < k £ (eC* and F £ S%, we define Fj £ C(a:o,i, ... ,a: n _i l fe n _ 1 ) by 

* A(£ ’ x 0,l 5 * * * ) C x O,lo ; "^Ojlo + l: ■ ■ • ) x O,ko ?■•■?£' x n— 1 , 1 ) ■ ■ • ) £ •^n— l,I n _i; ^n— l,Z n _ i + l )*•*)■ 

For any integer numbers a <b, define the degree vector 7 := [a; b] £ Z^ by 

7 = ( lo ,..., l n - 1 ) with li = ^{c £ Z|a < c < b and c = i (mod n)}. 

For such a choice of 7, we will denote Fj simply by F^ a,b \ 

Definition 2.1. For any s = (so, ■ ■ ■, s n - 1 ) £ (C*)!"!, consider a Z^-graded subspace A(s) <Z S 
whose degree k = (/co,..., k n - 1 ) component is defined by 

yi(s)^- := \f £ S-j; 0 | d ( '°°’ a ’ b ^F = Si ■ d^’^F V a, b £ Z such that a < b and [a; b] < fcl , 
l i—a ) 

where d( 00 ’ a ’ b ' , F := lim F’j a,b \ g( 0 ;a,b)p ._ ji m F , j a,fc ) whenever these limits exist, s := 


£—>■00 


É->o 


Si mod n* 


A certain class of such elements is provided by the following result: 

Lemma 2.2. For any k £ N, p, £ C, and s £ (C*)[ n l ; define Fjf(s ) £ Sk,...,k by 

_riie[n] Y[l<j^j'<k( x i,j — 9 Vi') • n <6 [n] (*o • • • * ~ M n,=i *m,l) 

riie[n] n 1 j ' < fe C 37 *. J — X i+l,j') 

where we set x n j := Xqj as before. If sg ■ ■ ■ s n -± = 1, then Fff(s) £ A(s). 

Proof. 

Without loss of generality, we can assume ^/0,a=0,&= nr+c, 0 < r < k— 1, 0 < c < n—1. 
Then l 0 = ... = l c = r + 1 and l c+ 1 = ... = = r. As £ —1 00 , the function Fjf(s)^' b ' > grows 

at the speed V ie[nl h(6+i-6-i)+£6 €[ „] max{6,6+i}^ w j 1 jj e as £ o, the function Fjf(s)^ l ’ b ' > grows 
at the speed £5IkeM hl-h+i+h-iO+Hkgi,,] mm{6,6+i}_ For the above values of U , both powers of 
£ are zero and hence both limits <9(°° ;Q > h ) F£ (s) and ,9 ( 0;a > fc )Fjf (s) exist. Moreover, for a being 0 
or 00 , we have d( a ’ a ' b ^F[f (s) = (— l)^<e[»] 6(6-Ji-i)g-2£ 4e[n ] h{k-U) . ^ G a> j, where 


G = 


riie[n] 9 *61') ■ riie[ri] Y [ li < j ^ j '< k( X iJ 1 


ildn nlgl <+l Vi - ^+it) • n i6W rnis^Vi - * i+ uo 

L 


t6+i < j '< k . 


Goo,i 


II 

1=1 


— 1 2Zj 


So • • • Si *£i }i7 ‘ M n j= l *^+1,^ if li — ^i+1 

5 o... Si ru %i,j 


,j if li ^i+1 ? 

k M n j= l if l'i ^ ^i+1 

Sø ••• Si M Oj=l 1 ,J7 if li — ^i+1 

M n i= l if li ^ ^i+1 

So ••• Si ^i,j if li < li-\- 1 

The equality ^(°° ;a ^) (s) = IIi=o ’ < 9 ^ 0 ; a , ^ F ^( s ) follows , while tot.deg F£(s) = 0 . 


G 0 ,* = 


— 6 + 1 — 6 — 1+26 
V i,j 


1 = 6+1 


□ 
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2.2. Main result. 

A collection {so,..., s„_i} C C* satisfying so ■ ■ ■ s n -1 = 1 is called generic if and only if 

Ctn Ot-n — 1 -- 'Sj J 7L v 

s o e 9 ■« => a 0 = ■ ■ ■ = a n -i- 

The main result of this section describes A(so,..., s n -i) for such generic n-tuples {so,..., 

Theorem 2.3. For a generic s = (sq, ..., s n -i) satisfying so... s n _i = 1, the space A(s) 
is shuffle-generated by {Fjf(s)\k £ N, p £ C}. Moreover, A(s) is a polynomial algebra in 
free generators {Fjf 1 (s)\k £ N, 1 < l < n} for arbitrary pairwise distinet pi,...,p n £ C. In 
particular, A(s) is a commutative subalgebra of S. 

The proof of this theorem will proceed in several steps. First, we will use an analogue of the 
Gordon filtration from 11 IIHSVl , further generalized in |N2| to prove Theorem 11,131 in order 
to obtain the upper bound on dimensions of A(s)-j:. Next, we will show that the subalgebra 
A'(s) C S, shuffle generated by all F£(s), belongs to A(s). We will use another filtration to 
argue that the dimension of A'(s)t is at least as big as the upper bound for the dimension of 
implying A/(s) = A(s). Similar arguments will also imply the commutativity of A(s). 

Lemma 2.4. Consider the polynomial algebra IR = with deg {T i m ) = m. Then: 

(a) For k = k5 := (k ,..., k), we have dimA(s)jr < dimlRj,. 

(b) For k £ {0, S, 25 ,...}, we have A(s)jr = 0. 

Proof. 

An unordered set L of integer intervals {[ai, 6 i],..., [a r , b r ]} is called a partition of k £ 

(denoted by L b k) if k = [m; £»i] -+ [a r ; b r ]. We order the elements of L so that b\ — a\> 

&2 — ct 2 > • • • > b r — a r . The two sets L and L' as above are said to be equivalent if \L\ = \L'\, 
and we can order their elements so that b' t — b, = al — a t = nci for all i and some Cj £ Z. Note 
that the collection of L b k, up to the above equivalence, is finite for any k £ Z + . Finally, we 
say LI > L \i there exists s, such that b' s — a' s > b s — a s and b' t — a' t = b t — at for 1 < t < s — 1. 

Any L b k defines a linear map 4>l '■ A(s)^ —> C[yf x ,..., yf 1 } as follows. Split the variables 
{xi,j} in r groups, each group corresponding to one of the intervals in L. Specialize the variables 
corresponding to the interval [a t , b t ) to ( qd)~ at ■ y t ,..., ( qd)~ bt • y t in the natural order. For 

f = —— £ a(%, 

define <j>i,(F) as the corresponding specialization of /. The result is independent of our splitting 
of variables since / is symmetric. Finally, we define the filtration on A(s)-^ by 

•A(s)f := P) Ker (<j) L ,). 

L’>L 

Let us now consider the images </>i(A(s)^) for any L\- k. For F £ A(s)k, we have: 
o The total degree tot.deg (cj>L(F)) = ]Cie[n] hki+i, since tot.deg(F) = 0. 
o For each 1 < t < r, the degree of 4>l{F) with respect to yt is bounded by 

deg yt (MF)) < E {l\{ki -1 + k i+ 1 ) - l\l\ + i) 

i£[n] 

due to the existence of the limit p (here f := [at; bt] £ Z^ for 1 < t < r). 

On the other hånd, the wheel conditions for F guarantee that (fi,{F){yi ,..., y r ) becomes 
zero under the following specializations: 

(i) ( qd)~ x y v = ( q/d)(qd)~ x y u for any 1 < u < v < r, a u < x < b u , a v < x' < b v , x' = x + 1, 
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(ii) ( qd)~ x y v = (d/q)(qd)~ x y u for any 1 < u < v < r, a u < x < b u , a v < x' < b v , x' = x—1. 
Finally, the conditions (j>L'{F) = 0 for any L' > L guarantee that (j>L(F)(yi,... ,y r ) becomes 

zero under the following specializations: 

(iii) ( qd)~ x y v = ( qd)~ bu ~ 1 y u for any 1 < u < v < r, a v < x' < b v , x' = b u + 1, 

(iv) ( qd)~ x y v = ( qd)~ a " u+1 ■ y u for any 1 < u < v < r, a v < x' < b v , x' = a u — 1. 

In particular, we see that 4>l(F) is divisible by Ql G C[j/i,... ,y r \, defined as a product of 
the linear terms in y t coming from (i)-(iv) (if some of these coincide, we still count them with 
the correct multiplicity). Note that 

r 

tot.deg(<2zO = E E (Ji h+i F li li— i) — 'y ' kiki+i EE 

1 <u<v<r i£[n\ i€.[n\ t—1 i£[n] 

while the degree with respect to each variable yt (1 < t < r) is given by 


deg yt (Q L ) = Y, VUb-i + fc *+i) - 2 $i+iY 

i£[n] 

Define r L := &l(F)/Q l G Ctøf 1 , ... ,y± 1 ]. Then: 

r 

tot.deg(r L ) = EE l\l\+1 an d deg yt (rz,) < l\l\+ 1- 

t= 1 i£[n] i£[n] 


1 * 1 * 

Hence, tl = v ■ rit=i Vt' ,+1 for some v G C, so that <Pl(F) = v • J|) =1 yf^' eln> ' ,+1 ■ Ql- 
On the other hånd, applying the above specialization to the entire function F rather than /, 
we get 4> l {F)/Q , where Q G C[yi, ...,y r \ is given by 

æ / =x± 1 


jt jt 

<e[n] L i L i +1 


Q = ] W Vt 


£, 


e[n] 


lUl 


n n n cw 

1 <.u<v<r a u <.x<.b u a v <x'<b v 


c y u — (yd) x y v ) for some v' G C*. 


The condition F G ./l (s) implies 


lim 

£—►00 



— s a t 

\yt^Gyt 


■ .Sb, ■ lim 
?-*-o 



V 1 < t < r. 

Ivt^Gvt 


For v ^ 0, this equality enforces s at ... Sb t G g z • d z . Due to our condition on {si}, we get 
b t — at + 1 = net for every 1 < t < r and some Ct G N. The claim (ii) of the lemma is now 
obvious, while part (i) of the lemma follows from the inequality dim ,A(s)k < dim<)>£(.A(s)-^), 

where the last sum is taken over all equivalence classes of L b k. □ 


Lemma 2.5. Let A'(s) be the subalgebra of S generated by Then A'(s) C .A(s). 


Proof. 

It suffices to show F^’’"’Jff{s) := F^(s)-k- ■ -*Fjff(s) G -A(s) for any r, ki > 1, and /q G C*. 
The case of r = 1 has been already treated in Lemma 12.21 The arguments for general r are 
similar. Choose any a < b, such that [a; b] < kS , where k := k\ + • • • + k r . We can further 
assume a = 0. Let us consider any summand from the definition of F^ ’ff (s) with l := [o; b\ 
variables being multiplied by f. We will check that as £ tends to 00 or 0, both limits exist and 
differ by the constant s a ■ ■ ■ Sb- 

For a fixed summand as above, define {7 }£ =1 G satisfying 7 = 7 +■■■+! by consider- 
ing those variables Xij which are multiplied by £ and get substituted into F^*(s). Following the 


proof of Lemriia [2T2l the function F£ (.s)7 grows at the speed li 


max{i-,/* +1 } 
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as £ —> oo and at the speed h+i+h il+XbeM ““{tA+i} as £ —>■ 0. To estimate these 

powers, we note that (a — b)(a — b — 1) > 0 for any a, b G Z, implying 

. a 2 + b 2 — a — b 

mm(a, b) H--- > ab 

with equality holding if and only if a — b G {—1,0,1}. Therefore, 

E WU 1 - l i - !) + E < 0 < E - 1) + E min{ZLZ| + i}, 


with equalities holding if and only if /■ — l\ +l G {±1, 0} for any i G [n]. Since the limits of 
w*,j(£ • x,y), u itj (x,£- y), ■ x, £ ■ y) as £ 0, oo exist V i,j G [n], 

the limits of the corresponding summands in the symmetrization are well defined as either 
£ —> 0, oo. Moreover, they are both zero if \l\ — l\ +1 \ > 1 for some 1 < t < r,i G [n). 

Assuming finally that \l\ — l \ +1 1 < 1 for any t,i , the formulas from the proof of Lemma [2T2l 
imply that the ratio of the limits as £ goes to oo and 0 equals to 

d-zL. i 


nn 

t— 1 zefnl 


So ... Si 
-Ht 


= n (s 0 ...so !i k+i = 


Sa • • • Si). 


The result follows. 


□ 


Lemma 2.6. For any k G N, we have dimA/(s)fc ,5 > dimfR^. 

Proof. 

Choose any pairwise distinet /x G C and consider a subspace A"(s) of A'(s) spanned 

by F^ 1 ’” fc ’E (s) with r > 0, k\ > k 2 > • • • > k r > 0, and 1 < i \,..., i r < n. It sufhees to show 

dimA ,, (s)fe5 > dimfRfc. 

For a Young diagram Å, we introduce the specialization map 

Vx:S w . s ^C({ yilj }^ n f W ) 

by specializing the variables Xij as follows 

^ q 2j Vi,t for any 1 < t < l( Å), 1 < j < A t ,i S [n], 

It is clear that for any k = (fci,..., k r ) with JA ki = k = |Å| and k > X' (here > denotes the 
lexicographic order on Young diagrams and X' denotes the transposed to Å Young diagram), 
we have ip\(FF(s)) = 0 for all ~p G C r . Therefore, it remains to prove 

E dim Py (spån {Ft (s) \ji g C r }) > dimlRfc. 

kt-k 

Let us first consider the case k\ = • • • = k r => k = rk\. Then 

r ki ki 

Fk' ( f io ))= z n n Si n ~ ^ n ^+ia 

t=Ue{n] j=l j =1 

for a certain nonzero common factor Z. Define Y) := yi ,i • • • yi^- Since the polynomials 

ft(Y i, • • •, Y n ) := JJ (s 0 ... SiYi - y t Y i+ 1 ), 1 < t < n, 

>£[«] 

are algebraically independent, we immediately get the required dimension estimate for this 
particular k. The general case follows immediately. □ 
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By Lemmas l2. 4112.61 the subspace ./l(s) is generated by Fjf(s) and has the prescribed dimen¬ 
sions of each -graded component. 

Lemma 2.7. The algebra .A(s) is commutative. Moreover, for any Jl = (y, i,..., y n ) £ C n with 
Ti 7 ^ Tj f or * 7 ^ Ji there is an isomorphism fR-^A.A(s) given by Ti t k i—/■ Fjf'fs). 


Proof. 

It suffices to prove F£ x (s) * F^ 2 (s) = Fff 2 (s) * F£ x (s) for any mi, m 2 £ N and zq, zz 2 £ C. 
Define F := FfTT (s) — FfffT (s). Due to previous lemmas, F can be written as a certain 
linear combination of Fdf(s) with k = (fci > fc 2 > • • •). 

We claim that tp( 2 ,i m i+ m 2 - 2 )(F) = 0. Together with the properties of ipx discussed above, this 
equality implies F = YT=i n r ■ Fjf r i+rn2 (s) for some ir r £ C. Let us multiply both sides of this 
equality by XL e [n] Ui<j,j'<m 1 +m 2 ( x i,j ~ x i+i,j’) and consider a specialization x itj y t \/i,j. 
The left-hand side will clearly specialize to 0, while the right-hand side will specialize to 


n«i 


-q- 2 )y ,Y 


m 1 +m 2 ) (mi +m 2 —1) . ^ ' 



II(S0 ■ s iVi 

i£[n] 


mi+m 2 

Tryi+i 



This expression vanishes if and only if 7 Ti = • • • = n n = 0, and so F = 0 as required. 

Finally, let us prove the equality <P( 2 .i m i+ m 2 - 2 ) ( F ) = 0. The statement is obvious when either 
mi or m 2 is zero. To prove for general mi,m 2 > 0, we can assume by induction that 



F 1 ' 2 , is') * F v \ Cs') 

?77.o \ > m, V / 


for any m! x < < m 2 , u[, v' 2 £ C, and TI, 4 = 1 (though {s'} are not necessarily generic). 

By straightforward computations, we find 1 m. 1 +m. 2 - 2 ^(F^f^ l2 (s)) = Sym(Ai • B i), where 
the symmetrization is taken with respect to all permutations of {z/ijjqgjlf mi + m 2 i p re serving 
index i , A\ £ C({y,;. 7 }) is symmetric, while B\ is given by the following explicit formula 


riiefn] 112< yy y <7f; i (ViJ ~ <1 ' ILe[„] TI 

-Dl = —TT -f-p- 7 -r — TI - TT 


„j — “sij7-j —" u ± -- — - - - - —„^[n] n?ni <j^j' <mi+m2 

i j — ■ — - ——— - ——— - ——— -X 

(ViJ ~ Ui+l,j') ' rimi <j^j' <mi+m2 (Vi,j - 

n n n 

i,i'E[n] 2<j<mi mi<j'<mi+m 2 


mi mi mi+m2 —1 

| (So ■ ■ ■ SiVip J| y itj - viVi+ 1,1 J| Vi+i,j){so ■ ■ ■ SiVi, i 

ie[n\ j= 2 j=2 j=mi+l 


mp — 1 

yi,j-v2Vi+i,\ Vi+ij) 

j—mx+l 

=>• Sym(Bi) K '(^mi-l( s )*F m2 _ i (s )) (yo,2, • ■ • , J/0,mi+m2- 1 5 • • ■ 5 2 /n.—1,2, ■ • ■ , 2 /n— l,mi+m 2 — l) 

with u[ := zq • 1/0,1 , i7n := zq • t '°' 1 , s' := Sj •-^-. k := Tf -r , v * |lj ( i n ~ 1 ' 1 . 

1 1 Vn-1,1’ 1 Vn-1,1 1 Vi-l,lVi+l,l lllS[n] 

Permuting mi -O- m 2 , zq zz 2 , we get 

^(2,l-i+’"2- 2 )(JC 2 ’,m 1 (s)) = «■ M ■ {FT 2 _l(s') *iC 1 1 _l(s , ))(2/0.2, ■ • • , 2/n—l,mi+m 2 —l)* 

Applying the induction assumption, we find </?( 2j imi+m 2 - 2 )(-F) = kAi[F 1 ^ 1 i _ 1 (s'), F , m 2 _i(s / )] = 0. 
This proves the inductive step and, hence, completes the proof of the claim. □ 


The results of Theorem 12.31 follow immediately by combining the above four lemmas. 

Remark 2.8. The proof of Lemma \%T\ implies A(s) = C for any s o, • ■ ■ , s n -i £ C* such that 
JX; ^ g z • d 7, unless ao = ... = a n _ 1 = 0 . 
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2.3. ShufHe realization of £/ h (g( ra ) + and 

In |N2| . the author introduced the notion of the slope filtration on S. For a zero slope, the 
corresponding subspace A° C S is -graded with the graded component Æ given by 

F G 4=> F £ Sun and 3 lim f] V 0 < l < k. 

While proving Theorem ll.131 the author obtained the following description of A°: 

Proposition 2.9. [N2[ Lemma 4.4] 

(a) The isomorphism 4/ : U + — >S identifies t/ h (gl n ) + with A°. 

(b) Under the isomorphism 4/ h : t/ h (g[ r J + -^A J 40 from (a), the image X k := of the kth 

generator h\ £ f/ h (gl 1 ) + C t7 h (gl n ) + is uniquely (up to a constant) characterized by 

Xk £ Sks o an d lim (X k )l = 0 V 0 < 7 < kS. 

£—yoo ^ 

This proposition provides a shuffle characterization of both t7 h (gl ra ) + and t/ h (gl 1 ) + . 

In particular, we immediately obtain the following result: 

Theorem 2.10. We have \& _1 (.A(s)) C (7 h (g(„) + for generic {s^} such that So ■ ■ ■ s n -i = 1. 


Proof. 

By Theorem 12.31 and Proposition I2.9l al. it suffices to show that Fjf(s) £ A°. The latter is 
equivalent to the existence of limits lim (Ff (s))l for all 0 < l < kS. As £ —> oo, the function 

F —Vrv-i ** 


eM 


{Fjf(s)) l £ grows at the speed li ^ li+1 ^ 

Since Xyie[n] h{h+i ~ — Sigfnl min{Zj, = X/iefnl 1 


rnin{i i; i t+ i} ( see p r00 f 0 f Lemma fOl) . 

li h+i / li 

»e[n J nvn+i n ' -v z^iie[n] l"*) n+i J ~ Z-iie[n\ '." »n+i 2 mm lb> tj+llJ 

and each summand is nonpositive (see the proof of Lemma 12.51) . the aforementioned power of £ 
is nonpositive as well. Hence, the limit lim (Ft!'(s))l does exist. This completes the proof. □ 

f —yoo 4 


We complete this section by providing explicit formulas for the elements Xk = 4/ h (/i^) £ S 
(this answers one of the questions raised in [N2l Section 5.6]). Consider the elements 

n?e[nl Ul<^<k(Q Q x i,j' ) ' D[ie=[nl 1^7— 1 

F q := 1, F k := el 1 ~\_r - - ine[n|ixj-i —o g for fc > Q 


IIie[n] T[l<j,j'<k( Xi + 1 d' x i,j) 


Note that Fk = s } s n-i ^ - F® (s) £ A(s) for any {s;} such that n*e[n.] s * = 1- We also define 


Lk G Skå,o via exp I ^ L k t k J = ^ F k t k . 

\fc=i / fc=0 

The relevant properties of these elements are formulated in our next theorem: 


Theorem 2.11. (a) For l £ {0, 5,2(5,... ,kå}, we have lim (F k )i = 0. 

£—>•00 ? 

(b) For any 0 <1 < k, we have lim ( F k )i s = Fi ■ F k _i. 

£-foo ? 

(c) For any 0 < 7 < kå, we have lim (L k )l = 0. 

£-foo ? 

Proof. 

(a) For any 0 < 7 < kS, the function grows at the speed i.d.+i-M as £ oo. 

Note that XagM — = — 2 SiefnlG* — ^i+ 1) 2 — 0- Moreover, the equality holds if and 

only if lo = ... = 1 4=> 7 £ {0, <5, 25,...}. Part (a) follows. 
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(b) Straightforward. 

(c) Standard (it is actually equivalent to the general exponential relation between group-like 

elements and primitive elements; see [N21 Section 4.3] for the related coproduct). □ 

Corollary 2.12. Combining this result with Provosition \2.9]f b) . we see that L k and X k coincide 
up to a nonzero constant, and the isomorphism 4'* 1 identifies P h (øli) + with C[Fi,F 2 , ...]. 


3. BETHE ALGEBRA REALIZATION OF .A(s) 

We provide an alternative viewpoint on the subspaces .A(s) for generic {s*} with ]0 £ r j s* = 1. 

Some of the results from this section (the computation of ^p’g, g, X“g) are not essential for 
the rest of this paper, but will be used in the forthcoming publications in order to formulate 
Bethe ansatz for U q< d(sl n ) as well as establish connections with the results of (FKSWl . 


3.1. Vertex representations p Pt5 . 

Recall the algebra U' d (sl„) introduced in Theorem ll.Tl ch We start by recalling the construc- 
tion of vertex U d (sl„)-representations from [S], which generalize the classical Frenkel Jing con- 
struction. Let S n be the generalized Heisenberg algebra generated by G [ n],k G Z\{0}} 

and a central element Hq with the dehning relations 


[H i ^H hl ]=d 


— km* 


[k] q ■ [ko 


Sk. -I ■ Hq 


Let 5+ be the Lie subalgebra generated by {H i k \i G [n], k > 0} U {H 0 }, and let Cv 0 be the 

representation with Hi }k acting trivially and Hq acting via the identity operator. The induced 
S 

representation F n := Ind^" Cuo is called the Fock representation of S n . 

We denote by {bi}"^ 1 the simple roots of sl„, by {Åj}"^ 1 the fundamental weights of 
si n , by the simple coroots of sl n . Let Q := Ø™^ 1 Zb, be the root lattice of sl„, 

P := Ø™:, 1 ZÅj = ØCØ 1 Zb^ ® ZÅ„_i be the weight lattice of sl„. We also set 

n —1 n —1 

bo := — oti G Q 1 Å 0 := 0 G P, h.Q := — hi. 

i—1 i= 1 


Let <C{P} be the C-algebra generated by e“ 2 ,..., e a " _1 , e A,1_1 with the dehning relations: 


e“* • e aj = (-1) 


(b-iAj) e &j . e fii > . e A»-i = . e «i 


For a = J2i=2 m i a i + m n A n _i, we dehne e“ G C{P} via 

e“ := (e“ 2 ) m2 ... ( e “»-i) m »-i( e J i»- 1 ) m » i 

Let C{Q} be the subalgebra of C{P} generated by {e“ i }” = ~ 1 1 . 

For every 0 < p < n — 1, dehne the space 

W( P ) n := F n ® C{Q}e Ap . 

Consider the operators H it i,e a ,da i ,z Hi ’°, d acting on W(p) n , which assign to every element 
v ® e B = (H iu ~ kl ■ ■ ■ H iN _ kN v 0 ) <g> e W(p) n 


the following values: 

Hi,i(v ® e^) := {Hijv) ® e&, e a (v ® e^) := v <8 e a e^, <9 Si (v 0 e^) := 
z Hi -°(v ® eP) := zfa’fid* S"=i( R *> m i s i> m «J v ® e^, 
d(u ® e&) := -(^ h + (((3 ,- (Å p , Å p ))/2)v ® e^. 


(■ hi,fi)v <g> e p , 
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The following result provides a natural structure of an U d (sl„)-module on W(p) n . 

Proposition 3.1. [S] Proposition 3.2.2] For any c = (c 0 ,..., c„_ i) £ (C* *) n and 0<p<n — l, 
the following formulas define an action of U q d {sl n ) on W(p) n (which does not depend on c): 

( —k/2 \ ( —k/2 \ 

Y ^jk\~ Hi '- kzk J ■ exp y^jk\~ Hi ’ kZ ~ k J ■ eCXizHi ' o+1 ’ 

C k/2 \ ( k/2 \ 

-Yj^~ Hi - kzk J ’ exp /k\~ Hi ’ kZ ~ k J • e- ai z- Hi - 0+1 , 


PpAi’ti 2 )) = ex P ±0? - q *) Y H i-±kZ Tk j • q ±ds,i , 

\ k> 0 / 

PpA 7 ±1/2 ) = q ±1/2 , p P ,c(q ±dl ) = q ±d - 

3.2. Functionals ^p,si ^p,e on U-. 

In this subsection, we introduce and “explicitly compute” three functionals on U —. 

• Top matrix coefficient. 

Consider the functional 

4^,5 '■ U - —> C defined by := (vq ® e Kp \p P A-^)\ v o ® e Ap ). 

Since h iy j(v o ® e Ap ) = 0 for j > 0, it remains to compute the values of g evaluated at 

fil,jji*,h ■ ■ ■ fimdraVofi ' ' ' An-~1,0 ' )“ ) & 

with a,b £ Z, f := (ro,..., r n _i) £ Z^i and = 0 £ Q. The latter condition means 

that the multiset {i i,..., i m } contains an equal number of each of the indices {0 ,..., n — 1 }. 
Due to the defining quadratic relation (T3) of U q d (sl n ), it sufhces to compute the series 


N 


K,c;N,f,a,b( Z °^ ■ • • > Z n- 1 ,N) ■= <^,g [ n^°^°d) ' ' ' fn-\{Zn-l,j)) ' Il Vift ' 7“ /2 9' 

U =1 *£[»] 




In this expression, we order the z-variables as follows: 


•20,1? • • • ? —1,1? 20,2? • • • ? 2 ^ 7 ,— 1 , 2 ? • • • ? 2o,iV? • • • ? 277 ,— l,iV* 

Normally ordering the product (/o) • • • f n -i(z n -i : j)), we get the following result: 
Proposition 3.2. For n > 3, we have: 


,c;IV,f,a 1 6(^0 1 l,---,Z„-l,Iv) = (CQ...C„_i) ^ 9 °/ 2 + r P '2 .J 


N 


20 ,' 


i=i 


n*G[n] ril<j<j , <Jv(^ji z i,j')( z ij Q z i,j') ' Y\ie[n]Tlj=l z i,j 

n i6 [n] ‘ 9^i+l,j') • IIie[n] ni< J</ <A(^' — qd lz i-l,j') 


• Top level graded trace. 

Recall the operator d acting diagonally in the natural basis of W(p) n - Clearly all its eigen- 
values are in — Z+. Let M{p) n := Ker(d) C W(p) n be its kernel. The following is obvious: 
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Lemma 3.3. (a) The subspace M(j>) n is U q (sl n )-invariant and is isomorphic to the irreducible 
highest weight U q (sl n )-module L q (A p ). 

(b) For any d = {1 < <j\ < U 2 < • • • < a p < n}, let Af be the sl n -weight having entries 1 — 
at the places {t7i}f =1 and — £ elsewhere. Then {^o <E> e Ap }a form a basis of M(p) n . 

Define the degree operators di,... ,d„_i acting on W(p) n by 

d r (z; ® = —m r ■ v g) m i a 3+ Å p V V G F n . 

For any u = (m,..., u n - 1 ) 6 (C*) n_1 , consider the functional 

4>p,c '-U- —t C defined by (j>^ s (A) := O e Kp |u 0 ® e Ap ), 

G 


computing the Q-graded trace of the d-action on the subspace M(p) n (here 'u d * makes sense as 
di acts with integer eigenvalues). Since hij(v o <g> e A p) = 0 for j > 0, it sufhees to compute the 
generating series 


N 


rp,c;N,r,a,b 


( 2 0.1 


i—l,N ) : — 


p,c 


n(/0(^) • • ' fn-l(Zn-lj)) ' ]^[ i’ifi 
1 


, ^ a / 2 q bd i 


i£ [n] 


Normally ordering the product rijLi(/o( 2 o,j) ■ ■ ■ f n -i(z n -ij)), we get the following result: 
Proposition 3.4. For n > 3, we have: 


Pp,c;N,f,a,b( Z °d> * ■ ■ i Z n-1 , N ) = (Co ■ ■ • Cn-l) N q a/2 d"^ ^ X 

riie[n] n 1 <JVC' 2 *»J — ~ 


Y[ie[n]Y[i<j<j'<N( z hj qdzi+ij') ■ riie[Ti] rii<j<j'<iv( 2 hi 9^ l2 *-id') 

P f / N N 

(-i) 11 - — ■ [p p ] < n II Zi +To ~ T u i ■ ■ ■ Uiq ri+1 ~ ri JJ Zi,. 


. U 1 . . . Uj- 1 | r , . , 

7=1 ^*e[n] \J=1 

where [/r p ]{- • • } denotes the coefficient of p p in {■■ ■}. 
• Full graded trace. 

Finally, we introduce the most general functional 

,u,t . J T '< 


7=1 


< Ppfc-U — >C[[t}] defined by 4> p %{A) := tr W ( p)n {p pfi {A)u^ ■ ■ ■ u * n _ d ), 

computing the Q x Z+- graded trace of the A- action on the representation W{jp) n . Due to the 
quadratic relations and the Q-grading, it suffices to compute the following generating series: 


,u,i 

r v 


,c-,N,k,f,a,b( Z ®^ ’ * ’ ‘ ’ Zn ~ 1,-^V> ^0,1» • • • -> ^0,/cq j ■ * ■ ? ^n—1,1 j • • • 5 ^n— l,fc n _i ) • — 


AT 


fci 


rp,c 


J(fo(zo, J )---fn-l(Zn-l, J ))- n II Co-7 a/ V dl 


u = 1 *6[n] 7 = 1 

In what follows, (z;t)oo is defined by (z;t )æ := n^Lo(l — t a z). 


i£[ra] 


Al g 
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Theorem 3.5. For n>3, we have: 

( \ / \ ( \ — iV a/2 j—-^- 7 :—— 

V^J ^p,c-,N,k,f,a,b^ Z ^^' • • * 5 z n—l,N\ ^0,1 > • ■ • ? w n— l,k n -i ) ( c 0 • • • c n—l) Q CL X 

N 


riie[n] Tll<j<jf<N( Z h3 Z ij')( Z i,3 Q Z i,j') ' IIie[n] IIj=l 
riiG[n] ~ Qd Z i+lJ') ’ — ^ lz i-l,j') 


X 


N 

q r P -ro. Yl^M. .Øføft)> 


3 =1 


IV 


n n 




VW- SÆ ■ (Tqd-^T) c 


1 / 2 , 


nnn 


AT fc {Tq 2<r_^, T)oo , (Tg-^^^7% • (Tg-^d- 1 A!|^ :T ) c 


o 1 / 2 ; 

Wi,b 


,- 2 ^£^ ;T)oo . {Tqd ^±^. T)oo . {Tqd -l^l^. T)c 


i£[n]a=16=l (^9 

w/iere T := -^ and 0(y,Cl) := XiieZ"- 1 ex P(2 7r v / ~T (\nCln' + ny 1 )) is the classical Riemann 
theta function with Cl = = • (a^j ln(T))™J_ii an d 

N 


y = {yi, ■ ■ -,yn-i) with y t = 


i 


— 1 rpSrt % J2ri—ri—\ — 


: ln u~ i T dp,i q 


,-„ + , n 




i=l 




27TaAI 

We start with the following two auxiliary results: 

Lemma 3.6. XTie matrix (— -lIMifeiiili'j j s nondegenerate if and only ifq 2k , q k d ±k ^ 1. 

V /iGfnl 


Therefore if g 2 , dg, d l q are not roots of unity, we can choose a new basis {U^-AeN of the 
space span c {id 0 ,-fc, ■ ■ ■, H n _ 1 ,_ fc }^such that [H iik ,H jt _i] = 6 id 5 k jH Q for any i,j G [n], k, l G N. 
In particular, the elements {Hi k , Hi - k ,Ho}k>o form a Heisenberg Lie algebra f )i for any i € [n], 
and f)i commutes with h j for any i ^ j G [n], 

Lemma 3.7. Let a be a Heisenberg Lie algebra with the basis {a k } k ^z and the commutator 
relation [a kl aj] = 6 kt -i\ k a o- Consider the Fock a-representation F := Ind“ + Cuo with the central 
charge ao = 1 and the degree operator d G End(F) satisfying [d, a*,] = ka k and d(v o) = 0. Then: 


tiF |exp 
Proof. 


Xja-j | • exp | yj a i ) • t d \ = • exp [ ^ ~A7i~ ] v Xj.yj G C. 


XjVjXjV 


VJ =1 


i3=l 


1 - V 


Applying the formula (a_ -v 0 |a_ -a^|a_ -vq) = l (l — 1) •••(/ — k + 1)A^, we get 


( x 3 y j) kj „'o.,/' . t -d 


tr F exp ( J2 x J a ~i ] ex P ( ) ■ * f = Z trf I II ( fcj!) 2 --j-j 


VJ = 1 


U=1 


/Cl ,/C2 ■ .^0 


afesw-^ •‘•afe 


(xjyjXjFp 


3 = 

The result follows. 


fej! (1 - p) k i +1 \ ' 


□ 


























BETHE SUBALGEBRAS OF U q (øl n ) VIA SHUFFLE ALGEBRAS 


19 


Proof of Theorem I S.5\ 

Reordering the factors of UjLi(fo( z o,j) ''' fn-i(z n -i,j)) ■ Ilie[„] UjU ( w i,j ) ' Ilie[n] V£o 
in the normal order, we gain the product of factors from the first two lines of (o). The Q x Z+- 
graded trace of the normally ordered product splits as tri • tr 2 , where 


N 


tri = tr, 


C {Q}e A P 


<6 [n] 


rids, 


II II J 7 II 


(t/q b Y 


ie[n\j =i 


i= 1 


tr 2 =tr Fn exp ^ J2 u ^k H i,-k • exp ^ + v i?k) H h* ' 0/V) 


b\d (1) 


with 


'U'i.k • — 


\i£[n] k>0 

fc 

[k]q 


\iE[n] k>0 


ki 


k/2 N 


w, 


j= i 


i=i 


and the operators d*- 1 ) G End(f n ), d^ 2 ) G End(C{Q}e Ap ) defined by 


d (1) (H h _ kl ■■■H il _ h v 0 ) = ^h- H ix _ k i • ■■H ll _ kl v 0 , d (2) (e^) = ^ Ap,Ap ^ . e P. 

i= 1 

The computation of tri is straightforward, and we get exaetly the expression from the third 
line of (o). To evaluate tr 2 , we rewrite X^ £ [„] Z2 k >o ,-fc = Z)ie[ n ] with 

Hi - k defined right after Lemma GTH and Ui tk = X^j/ £ [n] d~ krni e' Upk _ The CO mmuta- 

tivity of l)i and fp for i ^ j allows us to rewrite tr 2 as a product of the corresponding traces 
over the fp-Fock modules. Applying Lemma I. '1.71 we see (after routine computations) that tr 2 
is equal to the product of the factors from the last two lines in (o). □ 


3.3. Functionals via pairing. 

Recall the Hopf algebra pairing tp' :U — x U - —> C from Theorem 11.71 As tp' is nondegen- 
erate, there exist unique elements X pS ,X pS G U'-’ A and X™’/ G É^-’ A [[i]] such that 


4>l- c (x) = p'{x° p - c ,x), 4>i- c {x) = <S(x« s ,x), r P Mx) = p'{x;^x) 


Vie i)'-. 


The goal of this section is to find these elements explicitly. 

We will actually compute these elements in the shuffle presentation. In order to do this, we 
first extencl the isomorphism T from Theorem 11. 131 to the isomorphism 


Here S- is generated by S and the formal generators ij)i >k (k < 0), ij) i q 1 , 7 ±1//2 , q ±dl with the 
dehning relations compatible with those for U —. In particular, for F G SV , we have 

q dl Fq~ dl = q~ d ■ F. 

We define T° E , T“ s , T“g as the images of X pS , X p5 , X p £ under the isomorphism respec- 
tively. Now we are ready to State the main result of this section: 


Theorem 3.8. We have the following formulas: 

( a ) r° iS = Sa=o( c o ■ • ■ Cn-iY N ■ ■ q A pq~ d i with T° ;Ar G S NS given by 

N = (i- q - 2 ) nN (-q n d ~ n/2 ) N2 ■ p — • n -1 2x ij') ■ riie[n] ru ^ 


3 =i 


riie[n] x i+l,j') 
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(b) r“ E = En>o(c° ■ ■ ■ c «-i) N ■ r p;JV • 9 dl with r p;iv S S% s given by 


r;. N = (1 - q- 2 ) nN (-q n d- n / 2 ) N 2 n 

J=1 


lil . . . IZ 7 -_1 


n ?G [n]n j&'faj-q Xij') 


N 


N 


—•(- i ) p [/i p ] < n n Xi + i d - n ^ 


• 9 


Ai+i—Ai 


n i&[n]U.jJ'( X i,3 x i+l,j') | . gW y J=1 j=1 

where in the last product we take all Xij to the left and all q Ai+x “ Ai to the right, 
(c) r p,e = Ejv>o( c o • • • c n -i)~ N • r“’^ • q A rq- d 1 with <E S^ s given by 

K?n = 0 - 9~ 2 ) nN {-9 n d~ n/2 ) N2 x 

n>£[n]- 9 Xij') • r 6W n i= i x i,j j-j- £oj_ _ ^ 


rii£[ra] Y[j,j’( x i,j x i+l,j ') 


3 =1 


°P,3 


N 


(W 


n n 


m^oo-(k 2 ^t) c 


N 


i£[n] a 


b=i °°' ( tqd 

where i =tj, Q = 2lx ^_ 1 ■ {a-ij ln(0)”J= 1} ®nd 


— 1 gj-l.q . 


I (' t k q 1/2 Xi , a ), 


*i,6 ’^°° /c>0 z£ [n] a=l 


x = (xi,..., x n _i) with Xi = 


1 


JV 


2ttV^I 


ln 


-ItS. 


t Sp,i ^i ,o P 


%i— l,j 


3 =1 

In the above products, we take all Xij to the left and all ipij to the right. 

The proof of this theorem follows by combining Proposition 13.21 Proposition 13.41 and Theo- 
rem 13.51 with the following technical lemma: 

Lemma 3.9. (a) For any elements a G U + , a' G U- fl U °, b G U~, b' G U- D U°, we have 

<p(aa', bb') = ip(a, b) ■ ip(a', b'). 

(b) For any ki , k[ G Z+ and A, B 1 C , A', B', C', ai, bi G Z, we have 

v (n n <o7 A,2 9 Bdi 9 cd2 , n ir + k*) n 4^ A,/2qn,diqC 'A = 

yi6[n]a=l i£[n] j£[n] 6=1 j'6[n] / 

iG[n] fc 4 k '- a .m ■ - 

-iTB-iAB'+C' E a i+ c E «'+E. j . TT TT TT W B> ~ 9 ' ia ’ J ^,q 

, 1 i , , w i,b - 9~ ai,i d mi ’i SSi a ' 

i£[n] o=16=l ’ 

(ej For f = (ro,..., r ra _i), s = (so,..., s n -i) G Z^ and elements X G U + , Y G U~ of the form 
x = e 0 ,a? • • • e 0 .aO o • • • e n _ ljQ n-i • • • e n _ l a n -^, F = / 0 , b o • • • / 0 ,• • ■ f n _ 1>b »-i ■ ■ ■ f n _, 

the pairing ip(X,Y) is expressed by an integral formula similar to |N21 Proposition 3.10]: 


<p(X,Y) = Sr,-. 


{g-g Lr, « 0 ]i...y" 1 ‘,_ 1 t(I)Ki,.'-,«»- 1 ,r n - 1 ) 

Ui Ui<r ' rii<i' n J,7' u} i,i’( u i,j/ u i , ,j') 


nn 

ie [n] 3 


du 


'1,3 


L = -^ 27T\^1Uij 
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3.4. Bethe incarnation of A(s). 

Recalling the notion of a transfer matrix from Section 11.51 it is easy to see that 


= t p p. e o 


-A, 




n— 1 

n 

i=i 


(Aj ,A P ) 


which provides a more elegant definition of X^. Moreover, the elements X^ n can be thought 
of as certain truncations of obtained by setting t — > 0, while X^ E are obtained by setting 
further ui,, u n -1 —> 0. 

The commutativity of the Bethe subalgebras implies the commutativity of {T“’ E \p, c} and 
hence of {T p :^ 1 . As a result, we get the commutativity of the families {r p;Ar }^ ) : l <n _ 1 

and Due to Theorem I3.8f bb the elements T p;Ar have the same form as the 

generators of the subalgebra A(so,..., s n -i) from Section 2 with Si G C* • e p given by 

Si := Ui ■ q Ai+ i- 2A i+A-i f or a n i g [ n ] j where uq := l/(rti... u n - 1 ). 

Since e h (h G P) commute with (Bk^kS, we see that those {s^} can be treated as formal 
parameters with sq ■ ■ ■ s ra -1 = 1 and {sj} being generic for any choice of {ut}. 

Finally, let us notice that while U q ^d{5i n ) contained the horizontal copy of U q (gl n ), the 
algebra U q d (s(„) contains a horizontal copy of U q (Lgl n ) (that is no q ±d2 and with trivial central 
charge c' = 0). The subspace M(p) n is U g (Løl n )-invariant and is just the pth fundamental 
representation. By standard results, U q (Lgl n ) admits a double construction similar to the one 
for U qd (sl n ). Combining all the previous discussions with the construction of the universal 
R- matrices for U q d (sl n ) and U q (Lgl n ), we get the following result: 


Theorem 3.10. The Bethe subalgebra of U q (Lgl n ), corresponding to the group-like element 
x = and the category of finite-dimensional U q (Lgl n )-representations, can be 

identifted with A({ui ■ <? Ai+1 ~ 2Ai+Ai-1 }ig[ n ]), where uq := l/(wi • ■.i). 


Remark 3.11. (a) The commutativity o/{T p . Ar } 0< ^ 1<n _ 1 implies that the family 


N 




Xqj Y[ieln]Y[jjtj'( x i,j 1 2x i,j')'Y[ie[n]T\j=l x i,j 




Y[ie[n]T[jJ'( X iJ X i+ 1 , 1 ') 


AT>1 


0<p<n—1 


of elements from S is commutative. It is easy to see that the subalgebra they generate is the limit 
algebra of A(sq, si,s n -i) as si,..., s n -i — > 0, so = l/(si... s n _i), and {sj} stay generic. 
(b) The commutative algebras generated by can be viewed as one-parameter 

deformations of the algebras A(s). They play a crucial role in the Bethe ansatz for U qt d(sl n ). 


4. Generalizations to n = 1 and n = 2 


It turns out that all the previous results of this paper can be actually generalized to the 
n = 1,2 cases. The goal of this last section is to explain the required slight modifications. 

4.1. n = 1 case. 

The quantum toroidal algebra U qt d{g li) has been extensively studied in the last few years. 
Roughly speaking, one just needs to modify the quadratic relations from Section 1.1 by replacing 

(<?i t~ l)fø2 1- l)fø 3 i- 1) 


9a itj ( t ) 


{t ~ qi)(t - q 2 ){t - q 3 ) 


-, where qi := q z , q 2 := q d, q 3 := q d 
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and by replacing the Serre relations (T7.1, T7.2) by 


Sym — • [e(zi), [e(z- 2 ),e(zz)\} = 0, 

Zl,Z 2 ,Z 3 Z 3 


Sym — • [/(zi), if{z 2 ), /O3)]] = 0 . 

Zl,Z2,Z 3 Z 3 

Analogously to the n> 3 case, the map e* i-A x 1 extends to the isomorphism t/ gj d(øli) + —— 

The results of Section 2 recover the same commutative algebra A sm we started from. On the 
other hånd, we can apply the constructions of Section 3 to the Fock U q d (øl 1 )-representations 
{F c } ce c* (introduced in IK1111S Y . Proposition A.6]). As a result, we will get: 
o The elements T° (corresponding to the top matrix coefficient functional (/> q ) are given by 
r ° = E“=o c~ N q~ N( ' N ~ 1 ' > ■ K n (x U .. ., X N ) • q~ dl . 
o The elements T* (corresponding to the full graded trace functional (/>*) are given by 


= E 


c - Nq - N ( N -i) 


N 


TV—0 




k n - 


(i“?;i)oo • (tq 2Xa \t) c 


N 


^(iqd ^t) c 




nn« 

k> 0 a— 1 


~(T k n 1 / 




4.2. n = 2 case. 

For n = 2, we need first to redefine both the quantum toroidal and the shuffle algebras, 
o Quantum toroidal algebra of s ( 2 . 

One needs to slightly modify the defining relations (T0.1-T7.2) of U q ,d( sh) (see (F.TMMlj l. 
The function g aiij {z) from the relations (TI, T2, T3, T5, T6) should be changed as follows: 


9a iti ( Z ) 



9a iti+1 {z) ^ 


(dz — q)(d 1 z — q) 

(qz — d)(qz — d~ l ) ’ 


whilc the cubic Serre relations (T7.1, T7.2) should be replaced with quartic Serre relations 


Sym [e i (z 1 ),[ei(z2),[ei(z 3 ),ei + 1 (w)\ q 2]\ q -2 = 0 , 

Zl,Z 2 ,Z 3 


Sym [/i(zi), [fi(z 2 ), [fi(z 3 ),fi+ 1 W ], 2 ]],- 2 = 0. 

Zl,Z 2 ,Z 3 

o Big shuffle algebra of type A ^. 

One needs to modify the matrix f l used to define the * product as follows: 


Ui,i(z) 



Wi,i+l(z) 


(z — qd)(z — qd x ) 

i^W 2 


o Vertex representations g- 

Finally, we need to slightly modify the fornmlas of from Proposition 13.II 
(i) We redefine the connnutator relations of the Heisenberg algebra S n as follows: 


I TT TT ] __ ‘ l^k]q j- TT ITT TT 1 _ fjfc I J-fc \ M 9 ' M <3 C TT 

— -7- Ok -l • -ti o, — — fa +a J--- Ok-l -ti 0 - 


(ii) We also redefine the operator v ia 


:= *<**•*>« ®e* 


Once the above modifications are made, all the results from Sections 2 and 3 still hold. 
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